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Abstract: We investigate the precision within which a simulated dark matter halo mass function can be rescaled to
a different set of cosmological parameters. Our tests show that the accuracy almost linearly depends on the differ-
ence of the cosmological parameters and amounts to few percent in the case of WMAP5 and PLANCK parameters.
The rescaling thus allows us to obtain a mass function with better precision than the one given by the Sheth-Mo-
Tormen approximation and even more modern fits currently used in the literature.
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1 Introduction
The abundance of dark matter haloes is now believed
to be a sensitive cosmological test (e.g. Vikhlinin et al.
(2009)). The halo mass function (hereafter MF) is used
as an ingredient for the clustering models of haloes and
galaxies (Cooray & Sheth (2002), Viero et al. (2012)).
Also it is the subject of the “satellite abundance” problem
(Boylan-Kolchin et al. (2012)).
The most popular, useful and developed analytical
model of MF prediction is the Press-Schechter method
(Press & Schechter (1974), Bond et al. (1991), Bower
(1991), Lacey & Cole (1993)). It is based on the spher-
ical collapse of a dusty matter cloud which make this
model one of the simplest. However, numerical simu-
lations of Large Scale Structure show that the Press-
Schechter model predicts somewhat wrong distributions
(Lacey & Cole (1994), Sheth & Tormen (1999), Jenkins
et al. (2001), Efstathiou et al. (1988), Efstathiou & Rees
(1988), White et al. (1993)). It was shown that replac-
ing the type of the collapse can help produce MFs closer
to the simulation results (Del Popolo & Gambera (1998),
Del Popolo & Gambera (1999)). One of the most popular
methods is the Sheth-Mo-Tormen (Sheth et al. (2001))
method, where a spherical collapse is substituted by an
ellipsoidal collapse. This gives rise to more accurate re-
sults, especially at high masses. The results of simulated
MFs are usually represented as analytical fits (e.g. War-
ren et al. (2006), Tinker et al. (2008)) which nowadays
have the precision of 5–10%. There also exist more so-
phisticated methods of MF calculation from the initial
random density field without running a simulation, e.g.
the PINOCCHIO code (Monaco et al. (2013)).
The most reliable results on the MF are now obtained
with the help of large N-body simulations. However, they
are costly, especially when the goal is to investigate the
dependence of the MF on cosmological parameters. On
the other hand, nowadays, in the era of precise cosmology,
the range of parameter change is quite small, e.g. the
difference in the matter density Ωm between WMAP5
and Planck cosmologies is less then 0.05.
It is therefore attractive to scale the results of existing
N -body simulations instead of doing new ones. In order
to do this one needs to calculate analytically how the MF
changes with the small change of cosmological parame-
ters. This calculation can be done based on the simplest
Press-Schechter method. Examples of such scaling can be
found in LoVerde et al. (2008), Kang et al. (2007) and
Grossi et al. (2007) who used a simulated MF for Gaus-
sian initial conditions and multiplied it by a correction
factor extracted from the ratio of a non-Gaussian Press-
Schechter MF to a Gaussian one. A similar approach was
also used by Barkana & Loeb (2004) and Ahn et al.
(2015) who computed an MF in different environments
by taking a high precision global MF (Sheth-Mo-Tormen
in Barkana & Loeb (2004) and a simulated one in Ahn
et al. (2015)) and multiplying it by a bias factor computed
from an excursion set approach.
2 Rescaling of a halo mass function
Despite the fact that the rescaling of MF has been
used in several papers, there is no exhaustive investigation
of the accuracy of this approach in the literature to date.
For example, Ahn et al. (2015) computed the number
of haloes in the mass range 105 − 109M⊙ as a function
of large-scale density and found that using the rescaling
of either N -body MF or Sheth-Mo-Tormen MF for this
purpose is much more accurate than using a linear bias
model with Press-Schechter MF.
The rescaling of MF may turn out to be useful for
the exploration of a variety of non-standard cosmologies
as well as fine-tuning the cosmological parameters to fit
the observed Universe. This motivated us to investigate
the precision of the rescaled mass function in this paper.
For this purpose, we run a set of simulations with varying
cosmological parameters: matter density Ωm, amplitude
of the power spectrum σ8 and slope of the initial power
spectrum ns. The accuracy of the rescaled MF is then ex-
pressed as a function of the difference of these parameters
between the source and target cosmologies.
There is another way of rescaling: treating the MF
as a function of σ(M), the RMS of the matter density
fluctuations scale with M. Press-Schechter theory implies
that the dependency of the MF on σ(M) does not depend
itself on the cosmological parameters, i.e. it is universal.
During the past decade this universality has been inten-
sively checked (Jenkins et al. (2001), Warren et al. (2006),
Tinker et al. (2008), Bhattacharya et al. (2011)). The con-
clusion is that the MF may differ from the universal one
by 5–10% in case of Friends-of-Friends haloes, or 20–50%
for spherical haloes (Tinker et al. (2008)).
Another technique of rescaling was demonstrated by
Angulo & White (2010). They created the algorithm that
allows one to scale the output of a cosmological N -body
simulation carried out for one specific set of cosmological
parameters so that it faithfully represents the growth of
structure in a different cosmology.
The paper is organized in the following way. Firstly,
we briefly outline the theoretical background on which
the rescaling method is based. In Section 2, we present
results and test the accuracy of the method for differ-
ent cosmological models. In the last section, we present
a summary of our work and discuss some astrophysical
implications.
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Fig. 1. Halo mass functions for two sets of cosmological param-
eters: Ωm = 0.2 and Ωm = 0.3 obtained with Press-Schechter
method and simulations.
2 Methods and Results
2.1 Method of MF rescaling
Firstly, let us describe the basics of the method with a
simple example. In Figure 1, we present two mass func-
tions produced in simulations and two mass functions cal-
culated using the Press-Schechter method for two differ-
ent sets of parameters: in one case Ωm = 0.2 (ΩΛ = 0.8;
hereafter we will omit ΩΛ implying flat cosmology) and
in another one Ωm = 0.3.
The values Ωm = 0.2 and Ωm = 0.3 were chosen for
demonstration purposes. It is seen that the curve shapes
are similar for theory and simulations (points near the
right edge contain large errors because of the small num-
ber of haloes in this region). The similarity is demon-
strated even more clearly in the Figure 2, where the ratio
of two Press-Schechter MFs and two simulation MFs are
shown.
Due to this finding, we suppose that the ratio between
pairs of simulated and theoretical MFs at any given mass
is equivalent and corresponds to the next equations (the
dependency of MFs on mass is omitted):
The ratio between Press-Schechter MFs:
RPS =
PS(Ωm = 0.2)
PS(Ωm = 0.3)
. (1)
The ratio between simulated MFs:
RSIM =
SIM(Ωm = 0.2)
SIM(Ωm = 0.3)
. (2)
From the similarity of the ratios
RPS ≈ RSIM, (3)
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Fig. 2. The ratio of two Press-Schechter mass functions and two
simulated mass functions.
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Fig. 3. The MF from the original simulation for Ωm = 0.3 and
the reconstructed MF by using (4) for Ωm = 0.3.
it follows that the new MF can be expressed as
Rescaled(Ωm = 0.3) =
PS(Ωm = 0.3)
PS(Ωm = 0.2)
· SIM(Ωm = 0.2) (4)
In Figure 3, we present an original simulated mass
function for Ωm = 0.3 and an extrapolation of the mass
function for this set of parameters from Ωm = 0.2 using
(4). They are extremely close. The error is very small
mostly everywhere except for high masses. The main goal
of our research was to quantify this error as a function of
the difference in cosmological parameters.
2.2 Simulations
To test the accuracy of rescaling, we run a set of N -body
simulations using GADGET-2 code (Springel (2005))
with dark matter only. The volume of all the simulations
Name Ωm ΩΛ σ8 ns
Sim(Ωm=0.2) 0.2 0.8 0.8 1.0
Sim(Ωm=0.25) 0.25 0.75 0.8 1.0
Sim(Ωm=0.3) 0.3 0.7 0.8 1.0
Sim(Ωm=0.35) 0.35 0.65 0.8 1.0
Sim(Ωm=0.4) 0.4 0.6 0.8 1.0
Sim(σ8=0.9) 0.25 0.75 0.9 1.0
Sim(σ8=1.0) 0.25 0.75 1.0 1.0
Sim(ns=0.9) 0.25 0.75 0.8 0.9
Sim(ns=0.8) 0.25 0.75 0.8 0.8
Bolshoi 0.27 0.73 0.82 0.95
BolshoiP 0.30711 0.69289 0.82 0.96
Table 1. Parameters of simulations used in tests
is a cubic box of 500h−1 Mpc in size, the total number of
particles is 5123 and the gravitational softening parame-
ter is 25h−1 kpc. For the initial conditions, we used the
N -GenIC code written by V. Springel. We held the phases
of the initial velocity field the same for all of the simu-
lations. The cosmological model is a flat Universe with
ΛCDM cosmology where Ωm + ΩΛ = 1. The simulations
were run on the supercomputer of the Nuclear Physics
and Astrophysics Division of P.N. Lebedev Physical In-
stitute.
For finding the haloes, we used the Amiga’s Halo
Finder (AHF) (Gill et al. (2004), Knollmann & Knebe
(2009)). The minimum number of particles in a halo is
set to 60 and the total number of haloes in each simula-
tion is about 105 at z = 0. For the MF construction, the
Friends-of-Friends (Davis et al. (1985)) method is used
quite often, e.g. in Warren et al. (2006), so we also used
the RockStar halo finder (Behroozi et al. (2013)). The
virial overdensity ∆ is calculated for each set of cosmolog-
ical parameters using a spherical top-hat collapse model
(Gross (1997)). Only the isolated haloes are used.
We vary three cosmological parameters, Ωm, σ8 and
ns. Our set of simulations is summarized in Table 1.
In addition to our own simulations, we use two pub-
licly available simulations: Bolshoi and BolshoiP (Klypin
et al. (2011)). The halo catalogues were obtained from the
COSMOSIM database (www.cosmosim.org). The haloes
were identified using the standard overdensity criterion
with ∆ = 360 ·ρback with the spherical overdensity-based
BDM halo finder.
2.3 The testing of the method accuracy
In order to measure the accuracy of the method, we use
the maximum difference between two cumulative MFs.
In simulations and the Press-Schechter method, we ob-
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Fig. 4. The accuracy of MF calculation methods in dependence
upon the Ωm difference.
tain differential MFs (here the division into 1000 bins is
used), integrate them and then interpolate for the same
mass interval. Finally, we take a maximum of the differ-
ence between the original and calculated MFs divided by
the original MF. The maximal value defined this way we
call the error of the method and it is shown in Figures
4-6. In each plot, the errors for the rescaled MF are pre-
sented for pure Press-Schechter, Sheth-Mo-Tormen, Tin-
ker (2008), Angulo (2012), Crocce (2010), Courtin (2011),
Bhattacharya (2011) and Del Popolo (2017) fits.
From the Figures 4-6 we see that for the small change
in cosmological parameters the method of rescaling has
much better accuracy than analytical MF fits. The ac-
curacy of the rescaled MF also can be quantified in the
following way:
∆MF = 36% ∆Ωm, (5)
∆MF = 18% ∆ns, (6)
∆MF = 30% ∆σ8. (7)
The result of test of the rescaling method with the
Bolshoi and BolshoiP simulations is shown in Figure 7.
In it, the original MF for the Planck parameters to-
gether with the MF were obtained using equation (4) from
WMAP-based simulations are shown on the top. On the
middle part the ratio of MFs is shown. The net error de-
fined above is 6% for these simulations. It is 4 times higher
than expected from (5), however still much less than for
pure Press-Schechter (70%) or Sheth-Mo-Tormen (20%).
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Fig. 5. The accuracy of MF calculation methods in dependence
upon the σ8 difference.
0.05 0.10 0.15 0.20 0.25
∆ns
100
101
102
M
ax
im
u
m
re
la
ti
v
e
d
ev
ia
ti
on
of
cu
m
u
la
ti
v
e
M
F
,
%
this work
Press−Schechter
Sheth−Mo−Tormen
Tinker
Angulo
Crocce
Courtin
Bhattacharya
Del Popolo
Fig. 6. The accuracy of MF calculation methods in dependence
upon the ns difference.
Rescaling of a halo mass function 5
1011 1012 1013 1014
10-6
10-5
10-4
10-3
10-2
10-1
 d
n
/
d
ln
M
[M
p
c/
h
]−
3
1011 1012 1013 1014
0.8
1.0
1.2
M
F
ra
ti
o SO
1011 1012 1013 1014
Mass [M☉ /h]
0.8
1.0
1.2
M
F
ra
ti
o
FOF
BolsoiP
this work
Press−Schechter
Sheth−Mo−Tormen
Tinker
Angulo
Crocce
Courtin
Bhattacharya
Del Popolo
Fig. 7. Top: The original MF for the BolshoiP simulation and the
MF calculated by rescaling using equation (4) and the MF for the
Bolshoi simulation for the SO case.
Middle: The ratio of different MF approximations to the MF mea-
sured from BolshoiP simulation for the SO case.
Bottom: The ratio of different MF approximations to the MF
measured from BolshoiP simulation for the FOF case.
One should note that Bolshoi and BolshoiP cover two
orders of magnitude larger mass range than our own sim-
ulations, so the error in the cumulative MF is being ac-
cumulated. If we consider only haloes with M > 1012M⊙
in Bolshoi and BolshoiP, the error decreases to 2.8%.
From Figure 7, it is seen that the rescaled MF has
very good agreement compared to the simulation in the
whole presented mass range. However, Del Popolo (2017),
Angulo (2012), Crocce (2010) and Courtin (2011) fits can
provide the same or better agreement with the simula-
tion, but not on all masses in the range. At larger masses
they overpredict (SO case) or underpredict (FOF case)
the number of haloes while the rescaled MF is the most
precise. According to this fact, we find the method pre-
sented in this paper more stable in all mass ranges.
We also test how our results depend on the halo finder
used (FoF or spherical overdensity) (the middle and bot-
tom parts of the Figure 7) and find that the impact of
the halo identification algorithm is quite small: the error
of the rescaled MF is about 20% larger for the FoF haloes
than for the spherical overdensity. This was also noticed
by Mo & White (1996) who found that the halo bias fac-
tor is insensitive on how the haloes are identified. Only
Tinker (2008) fit is using SO, that is why the errors are
bigger in the bottom part of the Figure 7 rather than on
the middle, especially for higher mass. The rest of the fits
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Fig. 8. Top: The ratio of different MF approximations to the MF
measured from BolshoiP simulation for the FoF halos at z =
3.05.
Bottom: The ratio of different MF approximations to the MF
measured from BolshoiP simulation for the FOF halos at z =
7.12.
are based on FoF algorithm and they show much better
agreement in the bottom part of the figure.
We test our method and theoretical fits for different
redshifts, for instance, z = 3.05 and z = 7.12 (snapshots
from BolshoiP simulation). In the Figure 8 it is clearly
seen that at z = 3.05 our method reproduces the MF
almost with the same accuracy as for z = 0 case. The
same behaviour is observed for theoretical fits, except for
Tinker (2008). At z = 7.12 the method presented in this
paper works somewhat worse. This can be explained by
the fact that we work with high-sigma peaks at this red-
hift and mass range. In the Figure 8 the right boundary
is fixed by data from BolshoiP simulation.
3 Summary and Discussion
We have investigated the accuracy of the method of calcu-
lating an MF of dark matter haloes based on the rescal-
ing of an MF measured in simulations. The method is
described by equation (4). Our tests show that when the
difference of cosmological parameters between the target
and the source cosmologies is small, the accuracy is very
high, reaching a few percent (see Figures 4–7 and equa-
tions (5)–(7)). This method can be applied to problems
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which require varying cosmological parameters, such as
the fitting of observational data.
In comparison to the most accurate existing fits to
simulations (e.g. Tinker et al. (2008), Angulo et al. (2012),
Crocce et al. (2010), Courtin et al. (2011), Bhattacharya
et al. (2011), Del Popolo (2017)), the rescaled MF has sev-
eral advantages. Firstly, it predicts the number of haloes
for the same technique of halo identification which is
used in the source simulation, which may differ from one
used in the available fits. Secondly, we expect that it can
be used for non-standard cosmological models, e.g. with
warm dark matter, non-standard dark energy, etc.
Another potential application of the rescaling may
be the increase of precision on the high mass end. The
idea is to run an existing simulation past z = 0 in order
to facilitate the growth of high mass haloes and thus in-
crease statistics. Then the MF can be rescaled back to
z = 0 using equation (4). For example, in order to reduce
the statistical errors two times one needs to increase the
number of haloes four times. For masses M > 1015M⊙,
to do so we need to go in future by z = −0.33 or 6 Gyr
(in PLANCK cosmology).
One can also try to use the universal MF approach
for a similar procedure of rescaling, i.e. to express an MF
from a source simulation as a function of σ and then
to substitute σ(M) for the target cosmology. In this ap-
proach, the mass range of the resulting MF differs from
that of the source simulation, which will not allow the use
of this method to increase the precision at high mass end
as described above. Another problem will arise in the case
of WDM since σ weakly depends onM for masses smaller
than the filtering mass. Therefore M(σ) becomes unde-
fined for large enough σ and, hence, this approach may
fail in some cases when the source cosmology is WDM.
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